Abstract. In this paper, we present the structure of the group of * -unitary units in the group algebra F D 2p , where F is a finite field of characteristic p > 2 , D 2p is the dihedral group of order 2p, and * is the canonical involution of the group algebra F D 2p . We also provide the structure of the maximal p-subgroup of the unit group U (F D 2p ) and compute a basis of its center. 
introduction Let F G be the group algebra of a group G over a field F . For a normal subgroup H in G, the natural homomorphism G → G/H can be extended to an algebra homomorphism from F G to F [G/H], defined by g∈G a g g → g∈G a g gH. The kernel of this homomorphism, denoted by Γ(H), is the ideal generated by {h − 1 | h ∈ H}. Therefore, F G/Γ(H) ∼ = F [G/H]. In particular, for H = G, Γ(G) is known as the augmentation ideal of the group algebra F G. Since F G/Γ(G) ∼ = F , it follows that the Jacobson radical J(F G) is contained in Γ(G). The equality occurs if G is a finite p-group and F is a field of characteristic p. In this case, 1 + Γ(G) is the same as the normalized unit group V (F G) of the group algebra F G. If G is a finite p-group and F is a finite field of characteristic p, then Sharma et. al. [13] described the structure of the unit group U (F D 2p )
of the dihedral group D 2p for p = 3, over any finite field F . For p = 5, the structure of the unit group U (F D 10 ) has been determined by Khan in [9] . Gildea in [7] studied some properties of the center of the maximal p-subgroup of the unit group U (F D 2p ) over a finite field F . However, basis ot its center has not been yet determined.
The set all unitary units in the normalized unit group V (F G) forms a subgroup of U * (F G). We denote it by V * (F G). The unitary subgroup
Otherwise, it coincides with V * (F G) × −1 . Therefore, V * (F G) plays an important role in determining the structure of the unitary subgroup.
Bovdi and Sakach in [2] described the structure of V * (F G), where G is a finite abelian p-group and F is a finite field of characteristic p.
Bovdi and Erdei in [1] provided the structure of the unitary subgroup in [4] described the structure of V * (F 2 G). Creedon and Gildea in [5] described the structure of the unitary subgroup of the group algebra [8] provided the structure of the unitary subgroup of the group algebra F 2 k D 8 . However, the structure of V * (F D 2p ) is not known for a finite field of characteristic p.
Here, our goal is to study the structure and obtain generators of the unitary subgroup U * (F D 2p ) for dihedral group D 2p of order 2p over a finite field F of characteristic p. We also obtain a basis of the center of the maximal p-subgroup of the unit group U (F D 2p ). Finally, we establish that the maximal p-subgroup of U (F G) is a general product of the unitary subgroup with a metabelian group.
H denotes the sum of all the elements of H,
forms a F -basis for the center Z(F D 2p ) of the group algebra F D 2p .
Unit group of F D 2p
If A is the normal subgroup of D 2p generated by element a in
where C 2 = x . We can define a group homomorphism ψ :
Note that φ • ψ = 1, and therefore, If A = a is a cyclic group of order p and F is a finite field of order p n , then it is known that order of the group V * (F A) is p
The following lemma provides a basis for V * (F A). Let f (x) be a monic irreducible polynomial of degree n over
and let α be the residue class of x modulo f (x) .
i,k , then it is clear that z i,k is a unitary unit. To prove the lemma, first we establish the p-linear independence of the elements of the given set B. Assume that
are distinct elements of B and
and hence ((1 + α
, 
Lemma 4. The unitary subgroup
is the group generated by {−1 + Γ(A), b + Γ(A)}.
Proof. If u + Γ(A) is a unitary unit of U(F D 2p /Γ(A)), then (u + Γ(A))
* (u + Γ(A)) = 1 + Γ(A) and hence u * u is a symmetric unit 
Now if ( Hence,
The Structure of center Z(1 + Γ(A))
To find a basis of center Z(1 + Γ(A)) of 1 + Γ(A), first we establish the structure of the symmetric subgroup S * (F A) of the group algebra F A in the following lemma:
and k is even } forms a basis of S * (F A).
Proof. Similar to the proof of the lemma(3)
Proof. It is known that the set {(a
F -basis of Γ(A) as a free F -module. Observe that ω i ω j = 0, ω i ω j = 0 for 1 ≤ i, j, ≤ l. Also note that ω i ω i = 2(a 2i + a −2i − 2)(1 − b) and
Thus, if t = 2i, then
Since the dimension of Γ(A) over F is 4l, the result follows.
Theorem 7. The center Z(1 + Γ(A)) is an elementary abelian p group of order p n(l+1) with the set {u *
and k is even } as a basis.
Proof. First we prove that
. It is clear that x is of the form
where
To show the equality, we compute the dimension of Z(Γ(A)) over F. Take x ∈ Z(Γ(A)) such that
First, note that if i = 2k + 1, where 1 ≤ i ≤ l then
Next, observe that if l is odd, then
and if l is even, then
Now, after substituting these value in the equations ω 1 x = xω 1 and ω 1 x = xω 1 , we obtain α i = α i = 0 ∀ 1 ≤ i ≤ l and the following set of l equations in 2l variables.
Further, observe that the last equation can be written as
This implies that the dimension of the solution space of the above system of linear equation is l + 1 and hence |Z(1 + Γ(A))| ≤ p n(l+1) .
Therefore, |Z(1 + Γ(A))| = p n(l+1) . Since
the result follows from lemma (5).
Structure of 1 + Γ(A)
In this section, we obtain the structure of 1 + Γ(A). We shall use the following result:
Theorem 8 (Pavesic [10] ). Let (e 1 , e 2 , · · · e n ) be an ordered n-tuple of orthogonal idempotents in a unital ring R such that 1 = e 1 +e 2 +· · ·+e n and each e i strongly preserves a circle subgroup M of the circle group of
e i me i } and U = {m ∈ M |(∀ i) e i m = e i me i }, where e i = e i+1 + e i+2 + · · · + e n , e i = e 1 + e 2 + · · · + e i−1 , e 1 = 0 and e n = 0. } is a complete set of orthogonal idempotents that strongly preserve Γ(A). Proof. First, we show that
For this, we show
by induction over k.
The result is trivial for k = 1, as ω 1 ω 1 = 2(a − a −1 ) 2 (1 − b).
Assume the result for k − 1. Consider ω k ω k . Notice that Hence, by the induction hypothesis, we obtain
F (a − a −1 ) 2k (1 − b).
It implies that
Similarly, we can show that
F ω i ω i ), the result follows.
